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ABSTRACT

The problem of weight and model selection for standard curve in the calibration of an
instrument for assay development is considered. An instrument is usually calibrated by study-
ing the relationship between a number of known standards and their corresponding responses.
The relationship between known standards and their responses is usually described by a stan-
dard curve. Based on the established standard curve, an unknown sample can be determined.
In practice, since the responses may have different variabilities at different known standards
and the relatioship between the standards and their corresponding responses may not be lin-
ear, it 1s important to select an appropriate model with an appropriate weight in establishing a
standard curve for obtaining an accurate and reliable assay result. In this paper, criteria for
weight and model selection are proposed to choose an appropriate statistical model among five
commonly used models with three different possible weights. An example concerning the vali-
dation of a plasma assay of a pharmaceutical compound is presented to illustrate the use of the
proposed criteria.
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INTRODUCTION

In the pharmaceutical industry, when a new
pharmaceutical compound is discovered, assay
and test procedures are necessarily developed for
determining the active ingredient of the com-
pound in compliance with the United States
Pharmacopeia and National Formulary ! stan-
dards of the identity, strength, quality, and purity
of the compound. An assay method is usually
developed based on some instruments such as gas

chromatography (GC) and high performance lig-
uid chromatography (HPLC). The Current Good
Manufacturing Practice (CGMP) codified in 21
Part 211 of Code of Federal Regulations (CFR)
indicates that an instrument shall be suitable for
its intended purposes and shall be capable of pro-
ducing vahd results. The instrument shall be rou-
tinely calibrated, inspected, and checked accord-
ing to written procedures. The CGMP requires
that an assay method be validated to ensure its
accuracy and rehability before 1t can be used for
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product testing. The assay method usually
involves the calibration of an instrument which
relies on the selected standard curve (or calibra-
tion curve) (&3,

In this paper, we focus on some statistical
issues that commonly encountered 1n the deve-
lopment of an assay method for a pharmaceutical
compound. We propose a procedure to select the
most appropriate model and weight trom the five
commonly used models for assay development.

CALIBRATION AND STANDARD
CURVE

For the development of an assay method, the
CGMP (see, e.g., 21 CFR 211.194(a)) requires
that an assay method for assessing compliance ot
pharmaceutical products with established specifi-
cations must meet proper standards of accuracy
and reliability. An assay method which does not
meet established specifications shall not be used.
To meet the established specifications, the cali-
bration of an instrument 1s essential.

A common approach for the calibration of an
instrument is to have a number of known standard
concentration preparations put through the instru-
ment to obtain the corresponding responses. On
the basis of these standards and their corr-espond-
ing responses, a calibration curve can be obtained
by fitting an appropriate statistical model
between these standards and their corresponding
responses. The calibration curve is ususlly
referred to as the standard curve. For a given
unknown sample, the concentration can be deter-
mined based on the standard curve by replacing
the dependent variable with its response.

For the calibration of an instrument, a linear
regression model 1s often employed to determine
the standard curve. The standard curve 1s then
used to determine the unknown sample. The stan-
dard linear calibration involves two commonly

used methods, namely the classical method and
the inverse method ®2), The method described
above is usually referred to as the classical
method. For the inverse method, a similar stan-

dard curve can be obtained by imterchanging the

[

dependent variable (response) and the indepen-
dent variable (standard) in the classical method.
The concentration of the given sample can be
determined similarly.

STATISTICAL MODELS FOR STAN-
DARD CURVE

The accuracy and precision of an assay
depends on the estimate of the unknown
sample (¢, The determination of the unknown
sample is based on the standard curve which
relies on the selection of an appropriate statistical
model. Therefore, it is important to select an
appropriate statistical model for obtaining reli-
able assay results. In practice, the following sta-
tistical models are commonly used for establish-
ing standard curve in calibration for assay devel-
opment. These models are currently acceptable to
the FDA.

Let Xiand Yi be the known standard concen-
tration preparations and the corresponding
responses, where i== 1, _,n. The five commonly
used models are given below:

Model 1: Yi =a+ pX; +¢§.

Model 2: Yi = pX; +§:

Model 3: Yi =a+ X, + X, - 4 &
Model 4 : Yi =uX, P &

Model o :

- 2
Yi = e g

Let xy and y, be the unknown sample and its

ry objective is to estimate (or determine) the

unknown sample based on the select model.
Model 1 is the most commonly used statisti-

cal model for standard curve. Based on model 1,

the unknown sample at y, can be determined as

follows:

., —u
b *
where a and b are the ordinary least squares estl-

Y 1

mators of aand {3, respectively.

If we assume that the standard curve passes
through the origin, i.e., there IS a zero intercept,
then model 1 reduces to model 2. In this case, the
unknown sample can be obtained as
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where b is the LS estimator of { under model 2.

.t{j =

In some situations, the relationship between
X; and Y; may be quadratic such as model 3. In
this case, the unknown sample xy can be deter-
mined by solving the quadratic equation

hox by o+ (a —yg) =0

This leads to
Y = [2}) 2] \V—]} i =+ \1} EE - 4}} ;}_((i — ‘y “)

Models 4 and 5 are sometimes of particular inter-
est when the relationship between X; and Y; is
believed to be nonlinear. In fact, model 4 1s
equivalent to a linear regression model after a
logarithmic transformation, i.e.,

log(¥;) = log(a) + Blog(X,) +&,.
o

Y.

{

= +fX; +€,.

where & —log (& ). Thus, the unknown sample
can be obtained as

log(y ) —logla) }
b ¥

where a and b are estimates of o and 3 obtained
under the above model. Similarly, model 5 can be
linearized by taking a logarithmic transformation,
1.e.,

X & e.rp[

where €& —log (¢/) Therefore, the unknown sam-
ple can be determined as

log(y o) —logla )
Y *
where a and b are estimates of o and 3 obtained

X

under the above model. It can be seen that under
ecach model, the standard curve can be obtained
by fitting an ordinary linear regression.

CRITERION FOR MODEL SELECTION

The question of particular interest to
researchers 1s "How to select an optimum statisti-
cal model for determining the standard curve
based on the observed calibration data?’” To
address this question, we proposed the following
ad hoc criterion for selecting the most appropriate

(22

statistical model among the above tive models.

Since models 1-4 are polynomials and model
5 can be approximated by a polynomial, we first
fit a model with X at higher orders (say, X?, X*,
). The recommended selection procedure is
described below:
Step 1: Starts with the following linear model

Vi = o+ B X+ BoX{ + aXi + BaX] + e

Let py4 be the p-value for testing Hyzs : B3 =

of significance, then go to Step 2, otherwise go to
Step 4.
Step 2: Since 3y and B, are not significantly dit-

ferent from zero, the above model reduces to
model 3. That 1s,
Y =a+B,X, + B, X7 +¢;.

We then consider a model among models 1-3.
Let p, be the p-value for testing Hyy: ,=0. If p;
1s less than a predetermined level of significance,
then model 3 1s chosen; otherwise, go to the next
step.

Step 3: If 3, is not significantly different from 0,

model 3 reduces to:

Yi=o+BX,+ ¢

In this case, we choose between model 1 and
model 2 by testing Hy: ov=0. If the p-value for
testing H,, 1s smaller than the predetermined level
of significance, then model 1 is chosen; other-
wise, model 2 18 selected. Note that we assume
that B # 0.
Step 4: We select model 4 or model 5. Since

model 4 and model 5 have the same number of
parameters, we would select the model with a
smaller residual sum ot squares, The residual sum
of squares may be obtained from the PROC
NLIN procedure of SAS'Y), or any other soft-
wares for nonlinear regression.

A flow chart for the procedure 1s given In
Figure 1.

CRITERION FOR WEIGHT SELECTION

For the calibration of an nstrument, 1t 1s
often observed that the response of a higher stan-
dard concentration preparation usually has a larg-
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er variability., Therefore, the ordinary least
squares approach may not be appropriate. In this
case, a werghted least squares method 1s then
considered to remove the heterogeneity of the
variability. The weight 1s selected so that the vari-
ance of the response at each standard concentra-

tion preparation 1s stabilized, 1.e. the

the responses at each standard concentration in practice.

preparation remains a constant. The

an appropriate weight depends on the pattern of

Table 1. Suggested weights for three situations

selection ot

SD (Y ) isproportional to Weight
Constant | *
/X /X
X 1/ X2 ration X.

“ No welights.

Vo= o+ ByX + BoX? 4 BaX3 4 BaXt + ¢
Hoga: P = Ba =0

Y

%

Y

the standard deviation of the responses at each
standard concentration preparations. For example,
it the standard deviation of the response at each
standard concentration preparation X 1S propor-
tion to X, an appropriate choice for the weight 15
| /X?. Table 1 lists suggested weights for three
variance of sttuations. These weights are commonly adopted

For the selection of weights, if there are repli-
cates at each standard concentration preparation
X, we suggest to fit the following linear regre-
ssion model to study the relationship between the
standard deviation of Y and the standard concen-
tration preparation X for variance stabilization.

SD(Y1) = Py + P \;X; + D X, + €,
where SD (Y;) 1s the standard deviation of the
response Y; at the standard concentration prepa-

H034 not rejeCted
select among models 1-3

H{}34 rejected
Select between models 4-5

%

%

Yom o4 ByX 4 BoXE 4 ¢
Hpo: Bp =0

Ft models 4 and 5
get RS55S4 and RS5S¢

v

Hgo rejected Mo N0t rejected RS5, < RS5S¢
l +
Select Y=o+ BX + ¢ Select
f v
Hp not rejected Hp rejected

|
\

Select
Model 2

Figure 1. Model selection,

#

Select
Model T

P\884 > RSSS

+

Select
Model 5
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I Fit SD(Y) = Bg + ByVX + BoX + ¢
Ho: By =P =0

'

Hq not rejected

'

Hq rejected ]

+

Weight = 1 +

'

SS(by | Bp.by) < SS5(by | by.by)

Figure 2. Weight selection.

Let p;» be the p-value for testing the null
hypothesis Hy: By =B,=0. Also, let A be the
level of significance for weight selection. The cri-

terton for weight selection can be summarized as

follows:

(1) If p;» > /\, then no weighting 1s necessary;

(2) If pia<< A and SS (b, | by, by) >55(b; | by,
b,), then weights—1/X*;

(3) If [)';2‘{ A and SS (bz i bg‘_}ﬁ bg) <85S (b1 l b(}?
b>), then weights=1/X,

where SS (b, | bo,b,) represents the contribution

of the sum of squares due to the inclusion of 3,.X]

when By and By, X, are already in the model.

Similarly, the extra sum of squares due to B; | X,

can be expressed by SS(b, | by.b»). Figure 2

summarizes the procedure for weight selection.

AN EXAMPLE

Consider the calibration of an instrument for
plasma concentration of a pharmaceutical com-
pound. The calibration was done on three sepa-
rate days. Nine standard concentration prepara-
tions (x=0.0, 0.5, 1.0, 2.0, 5.0, 10.0, 15.0, 20.0,
and 30.0) were chosen. The response of interest
is peak response. For each level of standard con-
centration three

preparation, FesSponses

D

+

Weight = —.

(replicates) were obtained on each day. Table 2
lists the responses of these standard concentration
preparations. The standard deviations of the
responses at each level of standard concentration
preparation are given in Table 3. It can be seen
from Table 3 that the standard deviation of the
response at higher level of standard concentration
preparation tends to be larger. Therefore, a
welghted least squares method 18 necessary to sta-
bilize the variance.

For weitght selection, we will use the data
from the three days. The p-value for testing the
null hypothesis

Hy: By=Dpr,=0
1s less than 0.0001. This implies that the standard
deviation of the peak response i1s highly correlat-
ed with the concentration. Therefore, a weight
which 1s function of X 1s needed to stabilize the
variance of the peak response. Since

SS (b, | by,by) =0.00009 <SS (b, | by.by)

—{0.0088,
the 1/X~ is therefore chosen.

Following the procedure for model selection,
we first {1t the model:

Vo=o+ By X, + B X7+ B3 X + B,X +g;.

Table 4 summarizes the results from the
model selection procedure. Three hypotheses are
performed for days 1-3. The first hypothesis 1s to
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Table 2. Calibration data for weight and model
selection

test if higher order terms (X? and X*) are needed

Day Standard
Concentration Replicate |

Peak Response
Replicate 2 Replicate 3

in the model. The second hypothesis is to test if
the second order term of X is needed. And the
third hypothesis is to test for the term of inter-
cept. The test are conducted sequentially. For day
1 and day 2, model 1 is selected since both

] 0.0 0.086 0.110 0.110
0.5 0.160 0.170 0.160 hypotheses Hyss and Hy, are not rejected, which
1.0 0.240 0.220 0.200 implies no evidence that including higher order
2.0 0.340 0.350 0.340 terms will improve the model. Although the
5.0 0.650 0.630  0.770 hypothesis Hyss : B3=B4+=0 is rejected at the 5%
10.0 1.400 1.360 [.290 level for day 3 which suggests that either model 4
15.0 2.030 1.920 2.039 or 5 may be appropriate, it should be noted that
ggg gggg gi;g 3328 the ad!'usted R? for the_mosiel with higher order
5 0.0 0.000 0.039 0.000 terms included (approximation to models 4 or 5)
05 0.074 0.08% 0.069 and the first order term (model 1) included are
10 0.130 0.110 0.120 0.9888 and 0.9816, respectively. The small difter-
2.0 0.210 0.210 0.250 ence of the adjusted R? of the two models implies
5.0 0.530 0.500 0.470 that the variation of the peak response could be
10.0 1.100 1.060 1.000 explained reasonably well by model 1. The model
15.0 1.690 1.480 1.310 with the higher order terms of the concentration
0.0 2.290 2.170 2.160 included does not improve much more in explain-
30.0 3.250 3.410 3.030 4. . | |
3 0.0 0032 0.030 0.000 ing the variation of the peak response than model
0.5 0.073 0.081 0 083 1. Therefore, model 1 is considered adequate for
10 0110 0.100 0 100 day 3. The model selected for days 1-3 1s con-
7 () 0.190 0210 0.170 firmed by the results of the 3-day combined data,
5.0 0.430 0.430 0.400 where model 1 is shown to be the most appropri-
10.0 0.920 0.920 0.870 ate model.
15.0 1.380 1.280 1.280 After a tentative model (model 1) is identi-
20.0 1.840 1.800 1.950 fied, the residual plots of the peak response ver-
30.0 2.820 2.690 2.380

Table 3. Standard deviations at each standard

concentration preparation

sus the concentration are shown from Figures 3-
10. Figures 3-6 give the plots with no weight
incorporated in the model. It can be seen that the
variance of the residual of the peak response
increases when the concentration gets larger.

Standard* | SD (Y) N Therefore, a weighted least squares should be
Concentration  Day | Day 2 Day 3 applied. A weight of 1/x 1s first employed.
| However, the heterogeneity of the variability still
0.0 0.01 0.02 0.02 — L .
| N exists. This problem is improved after the weight
U.f} Q'Ql Q.Ol 0.01 I /x? is included in the model (see Figures 7-10).
-9 (.)'0_2 0'0_1 0'0}) Note that the standard deviation of Y does not
2.0 0'0_1 0‘02 0.02 clearly exhibit the patterns for potential weights
3.0 0.08 0.03 0.02 w1 2 | : | N
| o o of 1/x and 1/x~-. Other weights may be more
10.0 0.06 0.05 0.03 T o of thic e
| | appropriate. However, the purpose of this exam-
15.0 0.06 0.19 0.06 . et t o :
| e ple is to demonstrate the proposed selection crite-
20.0 0.34 (.07 0.08 L. o | -
| rion for weight selection among the three possible
30.0 0.12 0.19 0.23

weights.



Journal of Food and Drug Analysis. 1996. 4(1)

Table 4. P-Values for model selection

Y=ot BiX+BoX2 4 BX3+BaX+ & Y=Bot PXAPX2HE  Y=PBot B X+ &
Day Hpzq: B3=B4=0 Hy: Br=0 Hy: Bp=0
1 0.39 0.29 <0.01
2 .84 0.08 < (.01
3 0.03 0.02 < ().01

3-day 0.86 0.46 <0.01

.50 » *

: ) A
g 0.25 . ) : A
é C L g ¢ : A B A
o e : f : * ,i.
~8.75 E‘ ‘ ‘ L e 4:.-
S T T T M S Sy

Figure 3. Plot of residual peak response versus concentration from model 1, no weight transformation, 3-day com-
bined.(Legend: A=1 obs, B=2 obs, etc.)

g.% »
A
H.&% 4+
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F 1
3
£ g.2 ¢
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% A
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u A A
? A A
g. 4 B U oA e
F 3 A
F A A
A
8.1 A A
“3
.2 N
!EQS';
R I LI R R D v B e dmwmomm e R g mm - — R N AT 4+~ -
ﬁ*ﬁ 2*5 5.8 7.5 1€.0 iv. & i5.¢ i7.% J8.9 2Z2.5 25%.8© 27.5 0.9

Figure 4. Plot of residual peak response versus concentration from model 1, no weight transformation, day 1.
(Legend: A=1 obs, B=2 obs, etc¢.)
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Figure 5. Plot of residual peak response versus concentration from model 1, no weight transformation, day 2.

(Legend: A=1 obs, B=2 obs, etc.)
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Figure 6. Plot of residual peak response versus concentration from model 1, no weight transformation, day 3.

(Legend: A=1 obs, B=2 obs, et¢.)

This example illustrates the procedures pro-

posed 1n the paper. For the model selection, the
hypothesis testing results show that model 1 1s
the best choice of model. However, the p-value
for testing whether wights are needed to remove
the non-constant vartance problem shows signifi-
cant results. This implies that a weight of a func-
tion of X 1s needed to be incorporated in the
model. The residual plots from model 1 confirms
that a weighted least squares should be apphed to
resolve the problem ot non-constant variance.
And the problem s improved after the weight

[ /x* is employed.

Note that in our example, for itlustration pur-
pose, we simply ignore the lack-of-fit test in the
model selection. In practice, however, lack-of-fit
test 1s an important issue in the determination of
standard curve when there are replicates. Hence,
it should be taken into account in the model
selection when appropriate.

DISCUSSION

As 1t can be seen, the calibration of an instru-
ment mvolves the selection of a set of standards
(or standard preparations). The CGMP indicates
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Figure 7. Plot of residual peak response versus concentration from model 1, weight=1/x4, 3-day combined.

(Legend: A=1 obs, B=2 obs, etc.)
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Figure 8. Plot of residual peak response versus concentration from model 1, weight=1/x2, day 1.

(Legend: A=1 obs, B=2 obs, etc.)
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Figure 9. Plot of residual peak response versus concentration from model |, weight=1/x°, day 2.

(Legend: A=1 obs, B=2 obs, etc.)
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Figure 10. Plot of residual peak response versus concentration from model [, weight=1/x?, day 3.

(LLegend: A=1 obs, B=2 obs, etc.)

that where practical, the calibration standards
used for assay development shall be in compli-
ance with the USP / NF standards. If the USP /
NF standards are not practical for the parameter
being measured, an independent reproducible
standard shall be used. If no applicable standards
exist, an in-house standard shall be developed and
used.

The procedure proposed in this paper allows
one to select an appropriate model for establish-
ing the standard curve for calibration 1n the devel-
opment of an assay. The proposed method 15 a
hypothesis testing procedure, which will choose
the best model irom five models commonly used
and accepted by the FDA. The algorithm pro-
posed in this paper is, in fact, consisted of multi-
ple testing. It should be noted that the repeated
testing will inflate the overall type I error.
Appropriate multiple comparison procedures
might be used to adjust the overall type 1 error.

Although it is not stated in this paper, note
that an exploratory analysis including examina-
tion of scatter plots is usually recommended 1n
helping to establish the model. The plots will give
preliminary insights into the relationship between
the response and the standard. After fitting the
model, the residual plots should be examined.
The choice of difterent models should depend on
the distribution of the random error. In addition to

10

examine the residual plots, a test for lack of fit
may be applied to contirm the model selected. A
lack of fit test is essential to check if the model
selected is appropriate. If the test results do not
support the model, then an alternative model
should be considered.

If different models are selected from the pro-
posed procedure on different days, it is an indica-
tion that the assay method might not be valid. For
example, if different weights are chosen for di-
fferent days, then it implies that day to day vara-
tion exists. In this case, one should examine the
instrument and the validation procedure carefully.
It is important to ensure the validity of the assay
method in order to obtain a reliable estimate of
the unknown standard from the model selected.
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